1. Drgania wlasne

nan
¢ 1 300kg 2

G Mx=300.0
My=300.0

o
Iy
T

Masy na kierunkach:

m,:=400 kg
my:=300 kg
m4:=600 kg

my, =600 kg+300 kg =900 kg

UPMS:

X1

Stan P1

-

-

+  Przekroj IPN200
E:=205 GPa J:=2140 em*
EJ:=E.J=4387 kN -m?*

P,i=8 kN 0:=12 "%

5.00
S

SSNU:=R—3—-P—-3-0=2
Rama dwukrotnie statycznie niewyznaczalna

LSS:=4 - liczba stopni swobody dynamiczne;j

.

L,=V(2 m)? +(3 m)> =3.606 m

- dlugos$¢ preta ukosnego

zakladamy m,:=100 kg wigc:

m':=4
’
my=3
/
m's:=6
/
my:=9

Przyjeta numeracja punktéw obliczen:

6

M P1 [m]

1,803




Stan P2 M P2 [m]

L
1 "
o
-1,500" 1,500
‘ -3,000 y )
Stan P3 M P3 [m]
1 P

-aoon_iom [ 12000

/ 2,000
/ -5,000

Stan P4 M P4 [m]
1
/ | 3,000
3,000
4,000¢ 4,000
5,000
Stan x1=1 M x1 [m]

-3,000 -3,000

3,000
/ 3,000
-1,500/"+1,500
1 /




Stan x2=1 M x2 [-]

EJ

EJ

EJ

EJ

EJ

EJ

EJ

EJ

EJ

EJ

1,000 I—1,DDD

-1,0007:1,000

1
LT -1,000

1 L, 3
O1p1 ::3-1.803 m-1.5 m-7:0.813 m

1
51],2::%-3 m+3 m-L,=5.408 m®

5m 2m

1,000

O1p3i=3 ML+ —~ T3 +3m-2m-3 m=34.225 m’

-5m -3m
+

511)4::3 m'Lu° 6 3

u

1 L )
521)1::5-1.803 mel. 5 =1.625 m

1
52,,2::5-3 m-1.L,=5.408 m”

5 m+2
52”3::1'%'#” m+1:3 m=18.619 m’

52p4::1.Lu._M

1
+5.3 me1-—3 m=—18.922 m?

|1 nnn

1,000

+%.3 me—3 m-3 m=—-33.331 m?

1 1
511::3-3 m+-3m-L,+3 m-3m-3 m+§-3 m-3 m-3 m=46.817 m’

1 1
512::5-3 m+1.L,+3 m-1-3 m+—+3m-1.3 m=18.908 m?

EJ 6yy:=1-1-L,+1-1:3 m+1-1-3 m=9.606 m
Uklady réwnan: Obliczenia:
011°T11+019°%o; +07,,=0

11° P11 1012 o1 + 01y 2| _[61 0
021+ %11+ 029 Ty +05,, =0 [ 21| | 021 0oz
011°T1a+ 019 T +07,,=0 -

11°T12 1012 Tag+ 010 21| [0 0o
021+ T1p+ 099 Top+ 05,5 =0 | Zo2| |21 022
011°T13+013°To3+01,3=0 -

11° %13+ 013 Loz +01p3 25| _[0u1 012
021 * 13+ 099 * Toz+05,3=0 | Zog | [ 021 022
011° @+ 013 Toy+07,,=0 -

11°T14 1013 Loy +01py 21| _[0u1 012
021 * 14+ 029 Toy+ 05,4 =0 | Zog| [ O21 022

. _51p1
| —0ap1
. _51p2
L —Oapa |
. _61;03
L —02p3 J
. _51p4

L _52114 |

021:=015
Wyniki
1, =0.249 Ty =—0.659 m
T15,=0.546 Tyy=—1.638 m
13=0.253 Ty3=—2.436 m
T4, =—0.408 x,,=2.774 M



Obliczenie momentow ostatecznych:

0 | [—1] [—1.803] [—1.144]
-1.5 -1 0 0.286
-3 -1 0 —0.087
-3 -1 0 —0.087
M 541 = 0 mexy;+ 0 *To+ 0 m= 0 m
0 0 0 0
3 1 0 0.087
0 [ 1] 0 | —0.659 |
0 -1 -3 [—1.362]
-1.5 -1 —-1.5 —0.681
-3 -1 0 0
-3 -1 0 0
M ,519:= 0 mexo+ 0 *Tog+ 0 m= 0 m
0 0 0 0
3 1 0 0
0 | 1] 0 | —1.638
0 -1 -5 [ —2.564
-1.5 -1 -3.5 —1.443
-3 -1 -2 —0.322
-3 -1 -2 —0.322
M03t3:: 0 m'.’B13+ O '$23+ _2 m= _2 m
0 0 0 0
3 1 0 —1.678
0 [ 1] 0 | —2.436
0 -1 (5] 2.226
-1.5 -1 4 1.839
-3 -1 3 1.451
-3 -1 0 —1.549
M psp4+= 0 m-x,+ 0 *Toygt ol ™= o m
0 0 0 0
3 1 0 1.549
0 [ 1] 0] 2.774 |

Stany ostateczne:

Stan 1 M ostl [m]

1 -DrDS?'F-EI, Y A—— 0,087

0,286 0,286

*I -1,144

-0,659



Stan 2

Stan 3

Stan 4

|

!

!

M ost2 [m]
L
-0,68179,681
-1,362 _
1,638
M ost3 [m]
‘97'-&322 2,000 ] 1,678 0322
1,443,443
2,564
2,436
M ost4 [m]
L
-1,549
1,549
1,451
1,8397 1,839
e
2,774

2,226

Obliczenie przemieszczen na kierunkach swobody dynamicznej:

Oznaczenie: EJ-6;;=0";

EJ'(Sll = JMOStl 'Mpl dS
S

EJ'512 = JMost2°Mp1 ds
5

EJ-b;3= JMost3°Mp1 ds
5

EJ-é,4= fMost4'Mp1 ds
5

L, (1.144 0.286 1
§',:=1.803 m+—". m_ M —1.085

2 3 6 m?

L, (1.362 0.681 1
§'15:=1.803 m-—". L M)~ =1.845

2 3 6 m?

L, (2.564 1.443 1
§'15:=1.803 m-—2. L M.~ —3.56

2 3 6 m?

L, (-2.226 —1.839 1
§1,=1.803 m-—~. L M. = —_3.408

2 3 6 m3



EJ'522= J‘MOStZ.MPQ dS 5/22 :21'3 m‘Lu' 1.362 m'L:4.911
3 m?
S

=9.825
3

2.564 .322 1
EJ.523=JMOSt3.Mp2dS 5/23::3 m°Lu'( 56 m+03 m).
S

3 6 m

=-10.642
3

—2.226 m —1.451m 1
EJ.524=IMOSt4'MP2dS 5’24::3 m.Lu.( 3 + 5 ).
S

m
S

2.564 m + 0.322m
3 6

2.564 m + 0.322m
6 3

6’33::(5moLu-(

1 1
+2 m-Luo( ]+2m00.322m-3m+§-2mo2m-2mJ-—3:24.829

m
EJ8y,= f M,yy-M,, dS
S

1
=-23.608

3
m

2564m 0.322m 2.564m 0.322m
(5’34::(_5"’"[’11'( + )_3m.Lu.( +

1
——3m-0.322m-3m|-
3 6 6 3 2

EJ 0y, = J My -M,, dS
S

=29.018

3

6y=|5m-L,-
“ ( “( 3 6 6 3 3 6

2.227Tm 1.451m 2.227m 1.451m
+ +3m-L,- +
m

1.451m 1.549m 1
+3m-:3m- - .

A v roa_ S/ roa_ S/ roa_ K7 roa_ S/ roa_ S/
621'_512 531'_613 541'_514 532'_623 642'_524 543'_534

6/11'm 6/12'm3 5/13'm3 5/14'm3
011:= EJ 019:= EJ 013:= EJ 0143= EJ
521‘m 522‘m 6’23‘m 624'm
521 - EJ 522 - EJ 523 - EJ 624 - EJ
85 em’ 8'30em’ 855om’ 83, m?
531 — 31 (532 — 32 533 — 33 (534 — 34
EJ EJ EJ EJ
8y em’ 8 ypom’ 8 yzem’ 8y em?
541 — 41 (542 — 42 543 — 43 544 — 44
EJ EJ EJ EJ

Uklad rownan opisujacy ruch:

1

(m1-511——2 -A1+m2-512-A2+m3-513-A3+m4-514-A4= 0
w

1
m1'521'A1+ m2'622——2) 'A2+m3'623‘A3+m4'524'A4= 0
w
1
m1'631'A1+m2'632'A2+(m3'633_ 2 'A3+m4'634'A4=0
w
1
ml'(541'A1+m2'542'A2+m3'643'A3+ m4'544__2) 'A4=0
w




. . mo ® w2 3
Podstawienie: X=—————m
EJ

(M1 2811 X =1) Ay +m50 815 X e Ay +m/5e 613 X Ag+1my+ 814 X+ Ay =0
M1+ 8« X o Ay + (/g0 890 e X = 1) e Ay +-1m3 0 830 X o Ag+m/y 0854+ X+ Ay =0
M08y X e Aj+m/ye 6300 X o Ap+ (M/308'35- X — 1)« Ag+m/; 0834 XA, =0
My o8 gy o X oAy +mye8yy e X e gty e 8 g50 X o Ag+ (/g0 844+ X —1) - Ay =0

Stad:

[ M/ +6/ - X =1 myed'pe X mised 3 X mye8,- X A,
m o051+ X Myed'99: X—1 ml5edy3:X m/ye8'9,+ X .Az -0
m'y«d'q+ X Mm/yed'35e X M3¢85 X—1 m/yed'5 X A,
m'y 8 X m/yed' 5 X m/3e85. X miy8'yX—1| [Ay

Odrzucamy rozwigzanie trywialne:

4,

A

o

-A4

Wiec:

m'y+0'1+ X—1 myed' 15X m'sed'15+ X m/ e84+ X
F(X)e= m' 00’91+ X myed5e X—1 m/3¢853-X m/ e’y X _ 0
m'; 0’3+ X Mye0'590 X m/300'33.X—1 m/yed'5+ X

m'y+6'y - X m'yed'yy X m'yed'y3e X m/y6'yy - X—1

Szukanie miejsc zerowych wyznacznika, ustawione od najmniejszego do najwickszego:

100

jﬁT lJ.Z\(l.I 0.6 08 1 1.2’ 14 f(X) X,:=0 X5:=0.05 X3:=0.3
80
—100
X
X, :=root (f (X;),X;) =0.002 X3 :=root (f (X;),X;)=0.275
X,:=root (f (X,),X,) =0.043 X, :=root (f (X,),X,)=1.255

Obliczenie amplitud drgan wlasnych:

Sa 4 stopnie swobody, wigc beda 4 uktady rownan do (4 formy drgan):

X4:: ]_.2

Przy zatozeniu, ze A1=1 uktad 4 rownan zamienia si¢ na uktad 3 rownan, z wyrazami wolnymi:

(m/ 8- X~ 1> s1+my 8y X Ayt miy+ 8 y3- X Ag+m/y 674 XAy =0
m11‘6/21'X' 1+ <m/2'6l22‘X_ ].> ‘A2+m/3‘6/23'X‘A3+ml4'6/24'X'A4= 0
m’l'(s/Sl'X' 1+m’2'5,32'X'A2+ <m,3' ,33'.X— 1> 'A3+m,4'6/34'X'A4= O



- I forma drgan wtasnych:

Ap=1

Ay m/yd'19+ X, m'sd'153- X,
Agy |:=|m/ye 859 X1 =1 m5ed53- X,
Agp Miy=d'30: Xy m/3:0853- X, -1
- I forma drgan wlasnych:

Appi=1

Agy m/y+d8'15 X, m/s+0'13+ Xy
Agy |:=|m/ye 639 Xo—1  m/328'53+ X,
Ay Miyed'30: Xy m/3:033- X1

A12:1 A22:0.676 A32:6-26

- III forma drgan wtasnych:

Apz=1

Agg m'yd'15° X5 m'sd'13+ X5
Agg |:=| My 009 X3—1  m/3:6'53 X3
Ay Miyed'30: Xy m/3:033 X531

- IV forma drgan wiasnych:

Apy=1
Agy m'y8'19° X, m'sd'13+X,
Agy|:=| My 800 Xy—1  m/3:8'53-X,
Ay Miyed'30° X, m/3:033- X1
A14:1 A24:_1-161 A34:0.026

Formy drgan wlasnych:

I forma drgan wtasnych:

P
A, |4,
4

' 4,

E
w1:: —3 .
myem S

-1
m/y+6'142 X, <m'1-5'11-X1—1)-A11

m/y+0'94+ X4 T m';+0'y X1+ Apy
m/y«d8's4- X, m';+0'3 - XAy

A41:—7.66

’ ! -1 /7 4
my+0'14 X, <m1‘511‘X2_1>‘A12
m/yed0oy Xo| -— m/;+0'y+ Xy Ay
m/y+0's4 Xy m';+0'3° Xy Ay
m/y+6"14+ X <m’1-5’11-X3— 1> <Agg
M y+0'9y X5| -— My =691+ X35 A3
m'y8'34+ X5 m'y 0’5 X5 Ags
m/y+6"14+ Xy <m’1-5’11-X4— 1> <Ay
my=8'y Xy | — m'y 0’y Xy Ay
m/y+ 0’34+ X,y m'y 0’3 X+ Ay

A44: _0.076

X,-EJ rad

=10.45

2.957
=| 6.84
—7.66

0.676
=16.26
3.871

1.125
=|—-0.229
0.066

—1.161
=[ 0.026
—0.076



II forma drgan wtlasnych: Wy =

]
[
[ )
H (o
SN [
i
T:—h
()
La
b2

, X3+ EJ rad
IIT forma drgan wtasnych: wgi= =109.86 ——
myg e m? S
A3 4
H— H
| —i— »—
A, A,
! A,

4
A
Ay A4
X, EJ
IV forma drgan wtasnych: wyi= 1 —234.601 rad
My >Mm S
Ay A3
T ﬁ
T‘h T“H
Ay 4> i A7

. -
T‘h :TA%‘
ﬂf 4 | 4‘4 4




Sprawdzenie ortogonalnosci:

Parali12: m A1+ Aja+myeAg e Agyg+mgeAg e Agg+myAy+Ay=0 kg
Parali13: m A+ Ajs+myeAy e Ags+mgeAg e Ags+my Ay < Ayi3=0 kg
Parali4: my+A; A +myAy e Agyy+mgeAg e Agy+my-Ay+Ay=0 kg
Para213: m A5 Ajg+myeAgye Ags+MgeAgye Ags+my Ay Ayis=0 kg
Para214: m A5 A +myeAgye Agy+mgeAgye Agy+my Ay Ay =0 kg
Para3i4: my<A;3c A +myeAgse Ay +mgeAgge Agy+my+Ayg+ Ay =0 kg

Sprawdzenie metoda Dunkerlaya i Reileigh'a:

1 _10.11 T4

\/ml'511+m2‘522+m3‘533+m4'544 s

Wp

01:=mMy <011 +My=01p+ M3+ 015+Mmy 0y
09 :=1M + 091 + My Ggp + 13+ Go3 + 11+ 5oy
05:=1 + 031 + My =39+ 13+ 035+ 53y

0y:=Mmy 2040+ Mg+ 09 +M3+ 043+ My 0y

My *0;+Mydy+Mged3+MmMy 0 d
Wri= \/ 1°01 2°02 3°03 4°04 —920.597 ra
\/m1-512 1y 8y +mge85" +my-6,” s
d d d .
wp=10.11 raa < w;=10.45 &5 wp=20.597 raa warunek spetniony
s s s

2. Drgania wymuszone

Sprawdzenie warunku rezonansu:

0.9 w,=9.405 7% < 9=12 T < 11 4 =11.495 7%
8 S S
d d d
0.9 w,=39.277 722 < =12 2% < 1.1 w,=48.005 %
S S S
0.9 wy=98.874 79 < 912 % _ 11 4, =120.846 7%
S S S
0.9 w,=211.141 7% < 9=12 7% < 11 4, =258.061 T2
S S S

Whiosek: rezonans nie zajdzie.

Wymuszenie jest na kierunku 3, wiec:
81pi=03,+Py=0.006 M  ypi=0845+Py=0.045 m
0ypi=035+Py=0.018 m 04pi=03,°Py=—0.043 m



Wyznaczenie sil bezwladnosci:

1
(511_—2J.B1+512.B2+513.B3+514.B4+51P=0
ml'@

1
611‘B1+(512—7 ‘B2+513‘B3+514‘B4+52P=0

2
mz'@

2 'B3+514‘B4+53P=0

1
011+B1+015+By+ (513_7

m3' 6
1
511'B1+612'B2+613’B3+ 514——2 .B4+64P=0
m4' @
-1
1
01— 2 019 O13 014
ml * @
B 1
! 91 099 — 2 023 024
B,| my-©
B;| " 1
031 039 d33 O34
B4 m3 . @
O 042 O3 044~ 2
m4’ @ ]
B,=-1.046 kN
B,=-2.381 kN
B;=-10.661 kN
B,=18.983 kN
Dwa warianty obcigzenia statycznego:
Dl By D2 fiBa
B
P, | By P% 3
Bz BE
B B
i i
Mp,:=Myg1 B+ Mo By + Mg+ <Bs +P0> +Mysp4+ By
Mpy =M1+ B+ Mo By+ Mg <B3 _P0> +Mosa- By
53.528 | [ 94.548]
40.069 63.159
28.497 33.657
—28.451 —23.291
M = EN . Mp,= kN .
D1 5.322 m D271 37,322 m
0 0
33.773 60.614
63.72 | | 102.7




M D1 [kNm] M D2 [kNm]

28,452 2300

5,322 33,774 37,322 60,614

28,497

40,070/ 40,070

63,721 102,701

53,528

94,548

Tnace 1 normalne ostateczne mozna obliczy¢ z ponizszego schematu (metoda rownowazenia pretow do
liczenia tnacych i metoda rownowazenia weztéw do liczenia normalnych):

UWAGA! Prosze zamiesci¢ pelne obliczenia w swoim projekcie. Ponizej jest przedstawiona tylko ogdlna
1dea tej metody.

0B, B,
D1 D2
Py B3 Py B; .
LB !
T T
& iy
¥ i
A
B - ~—p-
N :

e

- —P >
<

N
=

-2,661 -18,661
T D1 [kN] T D2 [kN]
-2,661 9,982 -18,6614,029
5,419
-16,365
-18,983 -18,983 -18,983 -18,983
64197 7 455
16,365,717 411
J e J
-9,982 -14,029
7,465

17,411



(18,983 | 18,983

N DI [kN] N D2 [kN]

s 11,805

"

18,983 18,983

-7,013 -7,013
11,905 505

18,535
11,305




